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We study the ultraviolet asymptotics in non-simply laced ane Toda theories considering
them as perturbed non-ane Toda theories, which possess the extended conformal sym-
metry. We calculate the reflection amplitudes, in non-ane Toda theories and use them
to derive the quantization condition for the vacuum wave function, describing zero-mode
dynamics. The solution of this quantization conditions for the ground state energy de-
termines the UV asymptotics of the eective central charge. These asymptotics are in
a good agreement with Thermodynamic Bethe Ansatz(TBA) results. To make the com-
parison with TBA possible, we give the exact relations between parameters of the action




There is a large class of massive 2D integrable quantum eld theories (IQFTs), which
can be considered as perturbed conformal eld theories (CFTs) [1]. The ultraviolet (UV)
behavior of these IQFTs is encoded in the CFT data while their long distance proper-
ties are dened by the S-matrix data. If the basic CFT admits the representation of
the primary elds of full symmetry algebra in terms of the exponential elds the CFT
data include \reflection amplitudes". These functions dene the linear transformations
between dierent exponential elds, corresponding to the same primary eld. Reflection
amplitudes play the crucial role for the calculation of the one point functions [2] as well as
for the description of the zero mode dynamics [3, 4, 5] in integrable perturbed CFTs. In
particular, the zero mode dynamics determines the UV asymptotics of the ground state
energy E(R) (or eective central charge ce(R)) for the system on the circle of size R.
The function ce(R) admits in this case the UV series expansion in the inverse powers of
log(1=R). The solution of the quantization condition for the vacuum wave function (which
can be written in terms of the reflection amplitudes), supplemented with the exact rela-
tions between the parameters of the action and the masses of the particles determines all
logarithmic terms in this UV expansion.
The eective central charge ce(R) in IQFT can be calculated independently from
the S-matrix data using the TBA method [6, 7]. At small R its asymptotics can be
compared with that following from the CFT data. In the case when the basic CFT is
known the agreement of both approaches can be considered as nontrivial test for the S-
matrix amplitudes in IQFT. The corresponding analysis based on the both approaches was
previously done for the sinh-Gordon [3], super-symmetric sinh-Gorgon, Bullough-Dodd [4]
models and simply-laced ane Toda eld theories (ATFTs) [5].
In this paper we study the UV behavior of the eective central charge in ATFTs
associated with non-simply laced Lie algebras. These IQFTs have two dierent classical
limits. Namely, the weak and strong coupling limits correspond to the dual pairs of
ane Toda theories. As a result, the mass ratios in these IQFTs depend on the coupling
constant and flow from the classical values characteristic for Lie algebra G1 to the same
values for the dual algebra G_ [8]. The number of particles in ATFTs is equal to the rank
r of G. For large r the numerical analysis of TBA equations, especially in the UV region,
becomes rather complicated. The analytical approach to the TBA equations [10, 11] does
not give, at present, the regular UV expansion. So, it is useful to have the full logarithmic
expansion for ce(R) following from CFT data. The agreement of this expansion with the
TBA results conrms the S-matrix as well as the relations between the parameters of the
action and masses of particles in non-simply laced ATFT.
The remarkable feature of ATFT is that eective central charge calculated from the
CFT data with subtracted bulk free energy term (like in TBA approach) gives a good
agreement with the TBA results even outside the UV region (at R  O(1)). This \ex-
perimental" fact still needs the explanation.
The rest of the paper is organized as follows. After introduction of some basic notations
we give the exact relations between the parameters of the action and masses of particles
in non-simply laced ATFTs. Then following the procedure of ref. [5], we obtain the
1Throughout the paper, we denote an untwisted algebra as G, while G∨ refers to a twisted one.
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reflection amplitudes and quantization conditions for the wave function, describing the
vacuum zero mode dynamics. Using these results we calculate the UV asymptotics of the
eective central charges for ATFTs and compare these asymptotics with numerical data
following from TBA equations. We omit here the details, which can be found in ref. [5],
devoted to the analysis of UV asymptotics in simply laced ATFTs.
2 Mass- Relations and Reflection Amplitudes















where ei; i = 1; : : : ; r are the simple roots of the Lie algebra G of rank r and −e0 is a
maximal root, satisfying the relation:
rX
i=0
niei = 0; n0 = 1: (2)
Non-simply laced ATFTs have standard simple roots with e2i = 2 and nonstandard simple
roots with e2i  2( 6= 2). We choose the corresponding parameters i as  (for standard
roots) and 0 (for nonstandard ones) respectively2.
In the case of non-simply laced ATFTs, the exact mass ratios are dierent from the
classical ones and get quantum corrections [8, 9]. To describe the spectrum it is convenient








where h and h_ are Coxeter and dual Coxeter numbers of the algebra. Then the spectrum
of ATFTs can be expressed in terms of one mass parameter m as:
B(1)r : Mr = m; Ma = 2m sin(a=H); a = 1; 2; : : : ; r − 1
C(1)r : Ma = 2m sin(a=H); a = 1; 2; : : : ; r
G
(1)
2 : M1 = m; M2 = 2m cos((1=3− 1=H))
F
(1)
4 : M1 = m; M2 = 2m cos((1=3− 1=H));
M3 = 2m cos((1=6− 1=H)); M4 = 2M2 cos(=H) : (4)
The relation between the parameter m in the above spectra and the parameters i in




















2We choose the convention that the length squared of the long roots are four for C(1)r and two for the
other untwisted algebras.
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The similar relations for the dual ATFTs can be easily obtained from Eqs.(5, 6) if we
use the duality relations for the parameters i and 
_

















The ATFTs can be considered as perturbed CFTs. Without the last term with the
zeroth root e0, the action in Eq.(1) describes the non-ane Toda theory (NATT), which
is conformal. To describe the generator of conformal symmetry we introduce the complex
coordinates z = x1 + ix2 and z = x1 − ix2 and vector:














where the sum in denition of Weyl vector  (_) runs over all positive roots  (co-roots
_) of G.
The holomorphic stress-energy tensor
T (z) = −1
2
(@z')
2 + Q  @2z' (9)
ensures the local conformal invariance of the NATT with the central charge c = r+12Q2.
Besides the conformal invariance the NATT possesses extended symmetry generated
by W (G)-algebra. The full chiral W (G)-algebra contains r holomorphic elds Wj(z)
(W2(z) = T (z)) with spins j which follows the exponents of Lie algebra G. The primary
elds w of W (G) algebra are classied by r eigenvalues wj ; j = 1; : : : ; r of the operator
Wj;0 (the zeroth Fourier component of the current Wj(z)):




are spinless conformal primary elds with dimensions (a) = w2(a) = (Q
2−a2)=2. The
elds Va are also primary with respect to all chiral algebra W (G) with the eigenvalues wj
depending on a. The functions wj(a), which dene the representation of W (G)-algebra
possess the symmetry with respect to the Weyl group W of Lie algebra G [14, 15], i.e.
wj(s^a) = wj(a); for any s^ 2 W. It means that the elds Vs^a for dierent s^ 2 W are
reflection images of each other and are related by the linear transformation:
Va(x) = Rs^(a)Vs^a(x) (12)
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where Rs^(a) is the \reflection amplitude".
This function plays an important role in the analysis of perturbed CFTs. It can be
calculated by the CFT methods (exactly in the same way as it was done for the simply

















Γ(1− a_=b)Γ(1− ab); (14)
here a = a  , a_ = a  _ and vectors !_i are the co-weights of G, satisfying the
condition !_i  ej = ij
In following we will be interested in the values of function A(P) = AiP . We note
that in the semiclassical limit (b ! 0 with P=b xed) the functions A(s^P) coincide with
the amplitudes describing the asymptotics of the wave function of quantum mechanical
non-ane Toda chain (16) (see for example [16]).
3 Quantization Condition and UV expansion









of the elds '(x) dened on an innite cylinder of circumference 2 with coordinate x2
along the cylinder playing the role of imaginary time. In the semiclassical limit b ! 0,
where one can neglect the oscillator modes of '(x), the Schro¨dinger equation governing










ΨP('0) = E0ΨP('0) (16)
with the energy
E0 = − r
12
+ P2: (17)
where the momentum P is a real vector. The full quantum eect can be implemented
simply by introducing the exact reflection amplitudes which take into account also non-
zero-mode contributions [3].
The wave function ΨP('0) in the asymptotic region (Weyl chamber) can be found by
using the same arguments as was given in [5] for simply laced NATTs. The only dierence
is that there are now two kinds of roots with dierent lengths. Namely, each exponential
term ie
bei'0 in the Hamiltonian can be considered as a potential wall normal to the ei
direction. An incident wave is reflected by this wall to the wave with the Weyl-reflected
momentum. The phase change corresponding to this process should be the same as in
Liouville eld theory. By considering the reflections from all potential walls, we nd that
5
the wave function ΨP('0) can be written as a superposition of plane waves with the

















Γ(1− iPb)Γ(1− iP_=b); (19)
For the Weyl element s^i, associated with the simple root ei, the ratio A(s^iP)=A(P) should










Γ(1 + iP  eib)Γ(1 + iP  e_i =b)
Γ(1− iP  eib)Γ(1− iP  e_i =b)
: (20)
One can easily check that function A(P) satises this functional equation. With this
function one can proceed to obtain the scaling functions in the UV region of the ATFTs
dened on a cylinder with circumference R ! 0. The additional term in the ATFT
Lagrangian corresponding to the zeroth root e0 introduces new potential wall in that
direction. With this term the Weyl chamber is now closed and the momentum P of the
wave function should be quantized. It depends on the size of the enclosed region, which
is proportional to log(1=R). This quantized momentum P(R) denes the scaling function
ce in the UV region by Eq.(17).
It is convenient to rescale back the size of the system from R to 2. This leads to the
following rescaling of the parameters i in the action (1):






In the UV limit the size of enclosed region is rather big and we can neglect the subtleties
of interaction (which give only exponential corrections) taking into account only the phase
shifts coming from the reflections of the waves by the potential walls. Since the additional
potential term is not dierent from the others, the amplitude A(s^P) with the momentum
s^P (where s^ is an arbitrary element of Weyl group) has to satisfy also the reflection
relation (20) with respect to the zeroth root e0
A(s^0s^P)
A(s^P)
= SL(e0; s^P) : (22)
Inserting Eqs.(19) and (20) into Eq.(22), we obtain the condition for P. After some














= 1 ; (23)
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where i are dened by Eq.(21) and
G(;P) = Γ(1− iPb)Γ(1− iP_=b) :
























(;P) = −i log Γ(1 + iPb)Γ(1 + iP_=b)
Γ(1− iPb)Γ(1− iP_=b) : (26)
This is the quantization condition for the momentum P in the UV region R ! 0. The
ground state energy of the system on the circle of size R is then given by
E(R) = −ce
6R
with ce = r − 12P2 (27)
where P is the solution of Eq.(24).
In the UV region we can solve Eq.(24) perturbatively by expanding (;P) in powers
of P,
(;P) = 1(; b)P + 3(; b)P
3
 + 5(; b)P
5
    ; (28)
where the coecients 1(; b) and s(; b), s = 3; 5 are:



















a()b = h_ab; and
P
>0()










 −    ;
with
l = L− 2γE(bh_ + h=b)  L− L0 : (30)
The above equation can be solved iteratively in powers of 1=l. Inserting the solution into
Eq.(27), we nd:





































































(48n5 − 213n4 + 262n3 + 6n2 − 101n− 32)n(n− 1)(2n− 1): (32)
For the non-simply laced algebras B(1)n and C
(1)
n , we can express the results through these



















n ) = Ci(D
(1)
−n); (i = 4; 6): (33)

























































We note that above equations relating coecients Ci(G) for dierent Lie algebras follow
from the similar exact relations between the ground state energies e(G) of quantum ane
Toda chains associated with these Lie algebras. These exact relations are valid if the
parameters , 0 for non-simply laced Lie algebras and corresponding parameter sl for
simply laced ones satisfy the condition: h−z(20=2)z = hsl, where z =
2(h−h_)
2−2 .
4 Comparison with TBA results
The eective central charge calculated above from the CFT data (reflection ampli-
tudes) can be compared with the same function determined from numerical solution of














where functions i(; R) (i = 1;    ; r) satisfy the system of r coupled integral equations:











with the kernels ’ij, equal to the logarithmic derivatives of the S-matrices Sij() of
ATFTs, conjectured in [8, 9].
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The function E(TBA)(R) dened from the TBA equations diers from the ground
state energy E(R) of the system on the circle of size R by the bulk term: E(TBA)(R) =
E(R)− fR, where f is a specic bulk free energy [7]. To compare the same functions we
should subtract this term from the function E(R) dened by Eq.(31) i.e.
c
(TBA)






The specic bulk free energy f(G) for non-simply laced ATFTs can be calculated by
Bethe Ansatz method with the result:
f(G) =
m2 sin(=H)












The contribution of bulk term f(G) becomes quite essential at R  O(1).

















4 . The eective central charge c
(TBA)
e (R) was
then computed from Eq.(35) for many dierent values of parameter mR. After taking
into account the bulk term, the numerical solution for c
(TBA)
e (R) was tted with the
expansion (31) (neglecting higher order terms in 1=l):
c
(RA)
















with tting parameters L0, c5 and c7, where parameter L0 is dened by the Eq.(30).
The exact values of these parameters can be easily identied from Eqs.(30) and (31). To
compare the expansion (39) with TBA results we use the relations (5) between parameters
i in the action and the parameter m characterizing the spectrum of particles. It gives
the following expression for function L(R) in Eqs.(30):
L = −2
b



















Tables 1{3 show the values of parameters L0, c5 and c7 obtained numerically from
TBA equations (denoted with the superscript (TBA)) and those obtained analytically















4 ATFTs with dierent values of the parameter
B. We see that both data are in excellent agreement. (Relatively poor accuracy for c7
is mainly due to the limitation of numerical accuracy and the influence of higher order
term (O(l−8)) in the expansion (39).) This agreement supports the approach based on the
reflection amplitudes, -m relations and quantization conditions as well as the S-matrices
for non-simply laced ATFTs.
In Fig.1, we plot the functions c
(TBA)
e (R) and c
(RA)
e (R) for dierent ATFTs setting
m = 1. The rst function is computed numerically from TBA equations. The second one
is calculated using Eqs.(24) and (27), based on the reflection amplitudes, with taking into
9











































































0 for non-simply laced ATFTs.











































































5 for non-simply laced ATFTs.
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7 for non-simply laced ATFTs.
account the bulk free energy term according to Eq.(37). For all models, the two curves
are almost identical without essential dierence in the graphs even at R  O(1). This
good agreement outside the UV region looks not to be accidental. However, at present,
we have no satisfactory explanation of this interesting phenomena in ATFTs.
5 Concluding remarks
In the main part of this paper we considered the UV asymptotics of the eective central
charges in ATFTs. The most important CFT data, which we used for this analysis were
the reflection amplitudes (13) of NATTs. It was mentioned in Introduction, that these
functions play also a crucial role in the calculation of the one point functions in perturbed
CFT. The one point functions of the exponential elds in ATFTs:
T (a) =< exp a ' > (41)
can be reconstructed from from the same reflection amplitudes. It follows from the results
of the paper [2] that functions (41) satisfy the functional equations similar to the relations
(12) for the vertex operators. These equations together with analyticity and symmetry
conditions x one point functions in perturbed CFTs. One can nd the solution of these
functional equations with proper analyticity properties and respecting all symmetries of
extended Dynkin diagram of Lie algebra G. This solution is a natural generalization to
the non-simply laced case of the one point function for ADE series of ATFTs calculated
























































4 ATFTs at B = 0:5. (We omit









2 calculated without taking into account the bulk term. The dierence
between this function and c
(TBA)
e gives the bulk free energy of C
(1)











F(a; t) = X
>0
sinh(abt) sinh((ba − 2bQ + (1 + b2)H)t) sinh((b22=2 + 1)t)
sinh t sinh(b22t=2) sinh((1 + b2)Ht)
: (43)
The one point function T (a) can be used for the analysis of ATFTs. In particular, it
contains the information about the bulk free energy f(G), which was calculated indepen-
dently by Bethe Ansatz method. One can easily derive from Eqs.(1) and (5) that:
nif(G)
H(1 + b2)
= iT (bei) (44)
Using Eq.(42) for function T (a) one nds:





















2e−2t − F(bei; t)
i
(45)
The integral in the exponent can be calculated and results coincides with Eq.(38). This
gives the nonperturbative test to the one point function T (a). In particular, taking
the limit b ! 0 in Eq.(45) (and the dual limit) one can derive the amusing relations
for gamma-functions associated with Lie algebras G. It is convenient to introduce the
integers n_i = nie
2
i =2 i = 0;    ; r. Then these relations can be written as:
Y
>0




















More detailed consideration of one point functions in ATFTs we suppose to give in another
publication.
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